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Abstract
A Wilson loop is defined, in 4-D pure Einstein gravity, as the trace of the holonomy of
the Christoffel connection or of the spin connection, and its invariance under the symmetry
transformations of the action is showed (diffeomorphisms and local Lorentz transforma-
tions). We then compute the loop perturbatively, both on a flat background and in the
presence of an external source; we also allow some modifications in the form of the action,
and test the action of “stabilized” gravity. A geometrical analysis of the results in terms
of the gauge group of the euclidean theory, SO(4), leads us to the conclusion that the cor-
respondent statistical system does not develope any configuration with localized curvature
at low temperature. This “non-local” behavior of the quantized gravitational field strongly
contrasts with that of usual gauge fields. Our results also provide an explanation for the
absence of any invariant correlation of the curvature in the same approximation.
∗On leave from University of Pisa, Pisa, Italy. This work is supported in part by funds provided by the U.S.
Department of Energy (D.O.E.) under contract #DE-AC02-76ER03069.
1 Introduction.
One open issue of fundamental interest in (3+1)-dimensional quantum gravity is the identification of a set of
meaningful observable quantities.
Either if we regard quantum gravity as a (not yet established!) fundamental theory, or as an effective
quantum field theory which has General Relativity as its classical limit and goes to some more fundamental
theory at short distances, the observable quantities are important in guiding the research.
Just because a complete quantum theory of gravity is still lacking, it is not possible to define exactly what an
observable is. The task is particularly difficult also due to the huge invariance group of gravity, namely the group
of the diffeomorphisms. We shall agree to consider a quantity as an observable, if the corresponding classical
quantity is a geometrical invariant, i.e., it is invariant under arbitrary transformations of the coordinates.
The observables we intend to study in the present paper are the Wilson loops, or “holonomies”, of the
Christoffel connection or of the spin connection Γaµb. We have chosen to work in a formalism based on the
metric (or on the vierbein), because we want to assure that the “size” and the “form” of a loop can eventually
be specified through invariant distances and angles. This seems us to be an essential requirement for a physically
meaningful holonomy; otherwise it would only have topological content, and all the remaining information about
the manifold would be lost.
Generally speaking, it is known that the quantum averages of the loop operators have to satisfy the analogues
of the Migdal-Polyakov loop equations [1]. Some general features of these equations have been studied by
Makeenko and Voronov [2], considering the Christoffel connection and the usual Einstein action in the metric
formalism. What we shall do is simpler but more explicit. Keeping the local fields as the fundamental dynamical
variables, we shall compute the loops in a few different cases, in order to learn about their behaviour and their
geometrical meaning. The latter turns out to be quite different from that of the holonomies of Yang-Mills fields.
Our calculations are based on the Einstein-Hilbert action. We shall see, however, that certain properties of
the loops do not depend on the detailed form of the action.
Since we work essentially in perturbation theory, some problems like the lower unboundedness of the eu-
clidean Einstein action do not strictly affect our results. Nevertheless, the formalism we develop will also lead
us to consider, in the last Section, a different “source” for the dynamics of the euclidean gravitational field,
namely the “stabilized action” of Greensite.
The plan of the paper is the following. In § 2 we define geometrically in detail the Wilson loop of the
Christoffel connection and of the spin connection (in the vector representation) and show their equivalence.
In § 3 classical and quantum dynamics are introduced. We also recall the well known fact that Einstein’s
action is locally invariant under SO(3, 1), but not under ISO(3, 1); so the invariant Wilson loops are just those
of the Lorentz connection, and not, like in (2+1)-gravity, those of a generalized connection which contains the
generators of the translations.
In § 4 we give one illustrative example of a classical holonomy, computing it along a circle of constant radius
in a Schwartzschild metric.
In § 5 we consider the case of a weak gravitational field, quantized around a flat background. We briefly
review the corresponding perturbation theory and prove that the leading contribution to the Wilson loop,
proportional to h¯κ2, vanishes for quite general dimensional and symmetry reasons.
In § 6 an expression is given for the contribution of order h¯ to the holonomies computed on a non-flat
background. In general this contribution is not vanishing in that case, due to the lower symmetry of the
background; however, it is only of order h¯κ3.
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In § 7 we work out in detail the geometrical meaning of the matrix U of the parallel transport in the euclidean
theory and conclude that its trace – that is, the loop W – is the sum of the squares of two angles, describing
an SO(4) rotation. So the vanishing of 〈W〉0 to order h¯ implies that in the equivalent statistical system there
are no excitations with localized curvature at low temperature. This quite unexpected physical picture also
explains the absence of any invariant correlation of the curvature in this approximation [9].
Finally, in § 8 we consider a recently proposed “stabilized” version of euclidean quantum gravity [12] and
show that the basic property of the holonomies found in § 5 is maintained in this case. § 9 contains our
conclusions.
2 Definitions.
In the so-called “second order” (or metric) formalism, classical spacetime is described by a Lorentzian manifold
M , whose geometry is encoded in a metric tensor gµν(x) of signature (−1, 1, 1, 1) (our conventions are those
of Weinberg [3]).
There is a natural definition of parallel transport of tensors on M . For instance, the variation of a vector
V α by an infinitesimal displacement dxµ is defined by
dV α = −Γαµβ(x)V β dxµ, (1)
where Γαµβ is the Christoffel connection
Γαµβ =
1
2
gαγ (∂µgβγ + ∂βgµγ − ∂γgµβ) . (2)
Integrating (1) we find that the parallel transport of V along a finite differentiable curve connecting the points
x and x′ is performed by the matrix
Uαβ (x, x′) = P exp
∫ x′
x
dyµ Γαµβ(y), (3)
where the symbol P means that the matrices (Γµ)
α
β = Γ
α
µβ are ordered along the path. The indices of Uαβ (x, x′)
are lowered and raised by gαγ(x) and g
βγ(x′), respectively.
When the manifold is curved, the matrix U depends not only on the end points x and x′, but also on the
path. In fact, if C is a smooth closed curve on M , we define the loop functional (or “holonomy”) W(C) as
W(C) = −4 + TrU(C) = −4 + TrP exp
∮
C
dxµΓµ(x). (4)
We make the physical requirement that the curve C should be possibly defined in an intrinsic way (that
is, independently of the coordinates), and that its form and size should be eventually specified by invariant
distances and angles. We also remind that we are not interested here in self-intersecting loops, non-trivial
topologies or global effects, but only in “local” effects. Our attitude should be different, of course, in analyzing
the (2+1)-dimensional theory, where there are no local degrees of freedom.
The term −4 in eq. (4) sets the holonomy to zero in the case of a flat space, when the matrix U reduces to
an identity matrix.
Under a coordinates transformation x→ ζ, the matrix U transforms in the following way
Uαβ (x, x′)→ Uαβ (x, x′)
[
∂ζγ
∂xα
]
x
[
∂xβ
∂ζε
]
x′
. (5)
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For a closed curve, this transformation, being of the form
U → ΩUΩ−1, (6)
does not affect the trace of U . So the loop W(C) is invariant with respect to coordinate transformations.
Instead of the metric formalism, it is also possible to use a “first order” formalism, by introducing the
vierbein field eaµ(x) and its inverse E
µ
a (x) [4], which satisfy the relations
eµa(x)E
a
ν (x) = δ
µ
ν ; e
µ
a(x)E
b
µ(x) = δ
b
a; (7)
Eaµ(x)E
b
ν(x)ηab = gµν(x). (8)
Any vector V µ (or, more generally, any tensor) can be referred to the vierbein, with “anholonomic” compo-
nents V a given, in any point x, by
V a = V µ eaµ(x). (9)
The equivalent of (1) in terms of the anholonomic connection Γaµb is
dV a = −Γaµb(x)V bdxµ (10)
and the matrix U of the finite parallel transport has an expression which is formally the analogue of (3), namely
Uab (x, x′) = P exp
∫ x′
x
dyµ Γaµb(y). (11)
Using (1), (10) and (7) it is straightforward to verify that the relation between the connections Γαµβ and Γ
a
µb
is the following
Γαµβ = E
α
a e
b
µΓ
a
βb + E
α
a ∂βe
a
µ (12)
and that the relation between the matrices Uαβ and Uab is
Uab (x, x′) = eaα(x)Uαβ (x, x′)Eβb (x′). (13)
It is known that gravity in the vierbein formalism has a local Lorentz invariance, since eq. (8) is insensitive
to a Lorentz rotation of Ea(x), Eb(x). The connection Γaµb is then completely analogous to an usual gauge
connection, and its Wilson loop
W(C) = −4 + Tr (Uab )(C) (14)
is a natural invariant quantity of the theory. But from eq. (13) we see that this loop is equal to that defined
in (4). So the Christoffel connection Γαµβ and the anholonomic Γ
a
µb connection have the same loop, denoted by
W(C). In the computations we shall employ the connection Γαµβ , which is usually simpler to deal with.
When the exponential in (4) is expanded, one obtains terms with 1, 2, 3, ... fields Γ. We introduce the
notation, to be used in the following
U = 1+
∮
C
dxµ Γµ(x) +
1
2
P
∮
dxµ
∮
dyν Γµ(x) Γν(y) + ... (15)
= 1+ U (1) + 1
2
U (2) + ... (16)
and
W = −4 + TrU = TrU (1) + 1
2
TrU (2) + ... (17)
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3 Dynamics.
We shall assume that the dynamics of the gravitational field is given by the Einstein-Hilbert action
S = − 1
16πG
∫
d4x
√
g(x)R(x). (18)
In the vierbein formalism S is expressed as
S = − 1
16πG
∫
d4xRabµν(x)e
c
ρ(x)e
d
σ(x)ǫ
µνρσǫabcd, (19)
where Rabµν is the usual gauge curvature of Γ
a
bµ.
As it is well known, Einstein’s gravity written in the form (19) is a gauge theory of the Lorentz group (i.e.,
S is invariant under local Lorentz transformations), but not of the whole Poincare´ group ISO(3, 1). A gauge
formulation can be obtained only introducing some auxiliary fields qa [5].
So it is not possible to consider in (3+1) dimensions, like in (2+1)-gravity [6], the holonomies of the Lie
algebra valued connection
Aµ(x) = eaµ(x)Pa + Γabµ (x)ωab, (20)
where Pa and ωab are the generators of the translations and of the Lorentz transformations.
From the dynamical point of view, the holonomies of Aµ have certainly more content than the holonomies
of Γµ alone. For instance, it can be easily verified that the term
Tr
∮
dxµ
∮
dyν〈eaµ(x)Pa ebν(y)Pb〉0 = −2δab
∮
dxµ
∮
dyν〈eaµ(x) ebν(y)〉0 (21)
is not trivial to leading order, unlike the corresponding term containing the connection (see § 5). However, this
term does not respect the invariance of the action. In conclusion, the loop W(C) defined in eq.s (4), (14) is the
only invariant loop functional which we can define in Einstein’s gravity.
In the quantum case, we assume the quantum averages to be given by the functional integral
z =
∫
d[g] exp
i
h¯
{S[g]} , (22)
or by the analogous formula in the first order formalism.
A roman letter corresponding to a calligraphic one will denote the vacuum average of the classical quantity.
For instance, we write
U = 〈U〉0 = 1+ 〈U (1)〉0 + 1
2
〈U (2)〉0 + ...
= 1+ U (1) +
1
2
U (2) + ... (23)
W = 〈W〉0 = −4 + TrU
= TrU (1) +
1
2
TrU (2) + ...
= W (1) +
1
2
W (2) + ... (24)
4 Classical case.
We just give one typical example of a classical holonomy, namely that of the Schwarzschild solution. Let us
consider the Schwarzschild metric [3]
dτ2 = B(r)dt2 −A(r)dr2 − r2 (dθ2 + sin2 θ dφ2) , (25)
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where
B(r) =
(
1− 2MG
r
)
; A(r) =
(
1− 2MG
r
)
−1
. (26)
The corresponding Christoffel connection has the following non-vanishing components
Γrφφ = −
r sin2 θ
A(r)
; Γφφr =
1
r
; (27)
Γθφφ = − sin θ cos θ; Γφφθ = cotan θ. (28)
Let us take as the curve C a circle of radius r0, azimut θ0 and constant time t0; that is, C is described by
the function
xµ(φ) = (t0, r0, θ0, φ) . (29)
The linear term W(1) in the holonomy is given by (we omit, for brevity, the arguments of the field)
W(1) = δσρ
∮
dxµ Γρµσ
= δσρ
{∮
dtΓρtσ +
∮
dr Γρrσ +
∮
dθ Γρθσ +
∮
dφΓρφσ
}
=
∮
dφ
{
Γtφt + Γ
r
φr + Γ
θ
φθ + Γ
φ
φφ
}
= 0. (30)
The quadratic term is
W(2) = P δγα
∮
dxµ
∮
dyν Γαµβ Γ
β
νγ
= P
∮
dφ′
∮
dφ′′ Γαφ′β Γ
β
φ′′α
= 2
∫ 2pi
0
dφ′
∫ φ′
0
dφ′′
{
Γrφ′φ Γ
φ
φ′′r + Γ
θ
φ′φ Γ
φ
φ′′θ + Γ
φ
φ′r Γ
r
φ′′φ + Γ
φ
φ′θ Γ
θ
φ′′φ
}
= −8π2
(
sin2 θ0
A(r0)
+ cos2 θ0
)
(31)
It is easy to check that the contribution W(3), of the form∮
dφ′
∮
dφ′′
∮
dφ′′′Γαφ′βΓ
β
φ′′γΓ
γ
φ′′′α, (32)
vanishes, and the same do the following contributions. Thus the total holonomy is exactly given by
W = −(2π)2
(
sin2 θ0
A(r0)
+ cos2 θ0
)
≃ −(2π)2
(
1 +
2MG sin2 θ0
r0
)
(33)
We see that if we set θ0 = 0 (“equatorial” circle) the loop is constant and equal to −(2π)2 (for symmetry
reasons); if we set θ0 6= 0, we have a small “precession angle” (see § 7) which depends on r0 and vanishes when
r0 →∞.
5 Small quantum fluctuations around a flat background.
In this case, following the usual approach, we decompose the metric gµν(x) as
gµν(x) = ηµν + κhµν(x); κ =
√
16πG, (34)
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and we interpret ηµν as the classical background, while κhµν(x) is regarded as a small quantized perturbation,
which represents gravitons propagating in the vacuum. The Einstein-Hilbert lagrangian (18) is then splitted
into a quadratic part, whose inverse gives the bare graviton propagator, and into interaction vertices. Due to the
non polynomial character of the lagrangian, there are infinitely many vertices; the first two ones, respectively
proportional to κ and κ2, connect 3 and 4 fields h. Hence the first few orders of perturbation theory are formally
very similar to those of Yang-Mills theory.
The leading contribution to W , of order h¯κ2, is given by W (2) with one bare propagator, namely
W (2) =
∮
C
dxµ
∮
C
dyν〈Γβµα(x) Γανβ(y)〉. (35)
Here the brackets denote the bare propagator of the Γ’s, obtained using their definition (2), eq. (34) and the
propagator of hµν(x) (see § 8, eq. (81)).
The following two contributions to W , of order h¯2κ4, are given by the term W (4) with two bare propagators
and by the term W (3) with three propagators and one κ-vertex. Finally, the three contributions of order h¯3κ6
are given by the term W (6) with three propagators, by the term W (4) with four propagators and one κ2-vertex
and by the term W (2) with the radiatively corrected propagator.
What is remarkable, and easily shown [7], is that the leading term (35), of order h¯, vanishes in Einstein’s
theory. (This opened the problem of finding a gauge invariant expression for the static gravitational potential;
see [8].) In the following of this Section, we would like to show that this vanishing, in fact, does not depend on
the dynamic content of Einstein’s action, but is only due to the symmetries of the propagator, to the Poincare´
invariance of the background and to the absence of a dimensional coupling (apart from the overall factor κ−2)
in the action (18).
Let us write the most general form of the propagator 〈hµν(x)hαβ(y)〉 which is compatible with the symmetries
in the indices and with Poincare´ invariance (in any dimension N). We have
〈hµν(x)hαβ(y)〉 = a ∆µναβ
X(N−2)
+ b
ηµνηαβ
X(N−2)
+
+c
sµναβ
XN
+ d
Sµναβ
XN
+ e
XµXνXαXβ
X(N+2)
, (36)
where
Xµ = xµ − yµ; XN = [(~x− ~y)2 − (x0 − y0)2 − iǫ]N2 ; (37)
∆µναβ =
1
2
(ηµαηνβ + ηµβηνα) ; (38)
sµναβ = (ηµνXαXβ + ηαβXµXν) ; (39)
Sµναβ = (ηµαXνXβ + ηµβXνXα + ηναXµXβ + ηνβXµXα) . (40)
The tensor ∆µναβ is the generalization of ηµν to tensors with a symmetric couple of symmetric indices, and
also the tensors sµναβ and Sµναβ are defined in such a way that the decomposition (36) is left invariant by the
exchange of the pair (αβ) with (µν) and of the indices inside each pair.
In (36), a, b, c, d, e are numerical constants. No other terms can be present, since there are no other
dimensional parameters in the linearized action. The contribution of order h¯κ2 to the holonomy is
W (2) =
∮
dxµ
∮
dyν〈Γαµβ(x)Γβνα(y)〉
=
1
4
∮
dxµ
∮
dyν
〈{
∂βh
α
µ(x) − ∂αhµβ(x)
} {
∂αh
β
ν (y)− ∂βhνα(y)
}〉
(41)
=
1
2
∮
dxµ
∮
dyν
{
ηαβ✷〈hµα(x)hνβ(y)〉 − ∂α∂β〈hµα(x)hνβ(y)〉
}
. (42)
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It is straightforward to verify that the substitution of (36) into (42) gives rise only to terms which either are
gradients, or ultra-local terms (that is, containing δ4(x−y)), or finally are proportional to the following functions
ηµν ∂
α∂β
XαXβ
XN
, ∂α∂β
XµXνXαXβ
X(N+2)
, (43)
∂α
XµXνXα
X(N+2)
, (44)
which vanish by homogeneity.
As it was pointed out in [9], if we admit dimensional couplings in the action, like in (R+R2)-gravity, some
non-vanishing contribution to W (2) may arise.
Finally, we would like to justify our omission of higher order calculations by observing that the vanishing
of the leading term has a geometrical interpretation which strongly affects the physical significance of the
holonomies (see § 7). Furthermore, higher order calculations in quantum gravity are very complicated, and give
rise to non renormalizable infinities, which require the introduction of some effective cut-off. What would thus
seem more appropriate to us, and is in progress now, is to apply higher order perturbation technique to the
formula for the static potential [8].
In the next Section, instead, we shall give a kind of semiclassical expression for the Wilson loops.
6 Non-flat background.
The discussion of the preceding Section suggests that a contribution to the holonomy proportional to h¯ could
arise on a non-flat background. In order to illustrate this point, let us suppose that a weak external source J
for the gravitational field is present. The field produced by this source, as given by the Einstein equations, will
be denoted, in the variable h defined in (34), by h0,µν(x). The functional integral (22) will now depend on J :
omitting the indices of the field, it is given by
z[J ] =
∫
d[h] exp
i
h¯
{
S[h] +
∫
dxh(x)J(x)
}
. (45)
If we expand the action S[h] around the classical solution h0, we find
S[h] = S[h0] +
∫
dx
[
δS
δh(x)
]
h=h0
hˆ(x) +
+
1
2
∫
dx
∫
dy
[
δ2S
δh(x)δh(y)
]
h=h0
hˆ(x)hˆ(y) + S3, (46)
where
h = h0 + hˆ. (47)
Since by definition we have [
δS
δh(x)
]
h=h0
= −J(x), (48)
we are left with [10]
z[J ] = exp
i
h¯
{
S[h0] +
∫
dxh0(x)J(x)
}
×
×
∫
d[hˆ] exp
i
2h¯
{∫
dx
∫
dy
[
δ2S
δh(x)δh(y)
]
h=h0
hˆ(x)hˆ(y) + S3
}
. (49)
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The operator
G(x, y) =
{[
δ2S
δh(x)δh(y)
]
h=h0
}
−1
(50)
is the graviton propagator in the background h0. If we write symbolically the Einstein action as a quadratic
part Q plus the interaction vertices V (3) and V (4), in the following way
S[h] =
1
2
Qh2 +
1
6
κV (3)h3 +
1
12
κ2V (4)h4 +O(κ3), (51)
we have [
δ2S
δh2
]
h=h0
= Q+ κV (3)h0 + κ
2V (4)h20 +O(κ
3), (52)
whose inverse is
G = Q−1 − κV (3)h0 +O(κ2), (53)
where Q−1 is the usual propagator of the graviton on a flat background. When evaluating the holonomy, we
have to compute the expectation value
W =
∫
d[hˆ] exp i2h¯
{∫
dx
∫
dy G−1(x, y)hˆ(x)hˆ(y) + S3
}
W [h0 + hˆ]∫
d[hˆ] exp i2h¯
{∫
dx
∫
dy G−1(x, y)hˆ(x)hˆ(y) + S3
} . (54)
It is known that S3 is of higher order in h¯; thus the contribution of order h¯ to W is still given by eq. (35),
where the propagator is now given by (53). The term with Q−1 vanishes, as we saw in the preceding Section;
the other term in general does not vanish, and gives a contribution to the holonomy proportional to h¯κ3.
Thus we have seen that breaking the Poincare´ invariance with a small source term which produces a non-flat
background, we may obtain a contribution to the quantum holonomies proportional to h¯, while there is no such
contribution on a flat background. Nevertheless, this is a small effect, being proportional to κ3.
7 Geometrical and physical interpretation.
It is interesting at this point to do a sharper analysis of the properties of the matrix U(C) of the parallel
transport defined in § 2. We shall see that in the euclidean theory the vanishing of its trace amounts to a very
strong geometrical statement.
Let us first consider, for illustrative purposes, the case of a Yang-Mills theory of the group SO(3). The
gauge connection has the form
Aµ(x) = A
i
µ(x)Li ; i = 1, 2, 3, (55)
where the matrices Li constitute a representation of the Lie algebra of the group. In particular, to fix the ideas,
let us choose the adjoint representation; in this case the matrices Li have elements (Li)
m
n (m,n = 1, 2, 3), which
are related to the structure constants εimn of the group. The connection Aµ(x) performs the parallel transport
of a 3-dimensional vector V n in the “internal” space according to the formula (compare eq. (10))
dV m = Aiµ(x) (Li)
m
n V
n dxµ. (56)
The vector is rotated during the transport, but its length remains unchanged. Let us consider the matrix O(C)
which describes the parallel transport along a closed curve C. O(C) is defined by a P-exponential, through a
formula similar to eq. (4). Suppose that we take a vector V in a point P of C, and parallel-transport it along
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C, returning to P ; let us denote by V ′ the new vector we obtain in this way. The vectors V and V ′ have the
same length, that is
δmnV
mV n = δmnV
′ mV ′
n
, (57)
but they differ by an angle θ, which is related to the trace of O(C). For small angles, we have, by a proper
choice of the coordinate axes in the internal space
O(C) =


1− 12θ2 θ 0
−θ 1− 12θ2 0
0 0 1

 , (58)
that means
TrO(C) = 3− θ2. (59)
More generally, we remind that the Lie algebra of SO(3) has just one Casimir invariant, namely the operator
L2 = L21 + L
2
2 + L
2
3. (60)
This operator commutes with each of the Li’s, so we can in general rotate our coordinate system as to have
L2 = L23, and the rotation matrix takes in this case the form (58), i.e. we have
O(C) = 1+ θL3 + 1
2
θ2L23 + ... (61)
Taking the trace of (61), remembering that TrLi = 0 and using the normalization condition of the Lie generators
TrLiLj = −2δij , (62)
we find that θ2 is the coefficient of the Casimir invariant in the expansion of the exponential.
Next we come to consider the group SO(4). Intuitively, adding a new dimension we can make an independent
rotation. Multiplying two 4-dimensional matrices similar to (58), the first representing a rotation by an angle
θI perpendicular to one plane and the second a rotation by another angle θII perpendicular to another plane,
we find that
TrO(C) = 4− (θ2I + θ2II) (63)
Also we know that SO(4) = [SO(3)]I × [SO(3)]II and that we have two Casimirs now [11], corresponding to
(L2I + L
2
II), whose “eigenvalue” appears in (63), and (L
2
I − L2II), which is not of interest in this case.
The group SO(4) is the relevant one for euclidean quantum gravity. In fact, the geometrical interpretation
of the matrix U(C) is the following. During the parallel transport of a vector V in spacetime, its length, given
by
|V |2 = V aV bδab = V µV νgµν(x), (64)
does not change. If we transport V along a closed curve C, returning to the starting point, we obtain another
vector V ′, which has the same length of V , and differs from it only in the orientation. Hence we have for any
vector
V aV bδab = V
′ aV ′
b
δab = Uac (C)V c Ubd(C)V d δab, (65)
or, in matrix notation,
UT (C)U(C) = 1. (66)
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The matrix U belong then to SO(4) and its trace has the form (63).
If the variance of the angles θI and θII is zero to order h¯ (because W
(2) vanishes), the angles themselves
have to vanish identically in any configuration, that is
U(C) = 1 for any C. (67)
This is a very strong geometrical statement, as it implies that, still to order h¯, all the weak field configurations
which effectively enter the functional integral
z =
∫
d[h] exp
{−h¯−1 S[h]} (68)
have no curvature. In other words, the curved configurations – which possibly dominate in other regimes – are
in this approximation totally suppressed.
This unexpected situation should be compared with what happens, for instance, in a ordinary SO(3) or
SO(4) gauge theory. In this case the leading term W (2)(C) does not vanish and the variance of the rotation
angles is not zero to order h¯. For instance, if the curve C has the form of a rectangle of sides L and T , with
L ≪ T , the quantity −(h¯T )−1 log〈θ2〉0 is the potential energy of two non-abelian charges kept at rest at a
distance L each from the other.
So the matrices of the parallel transport in the “internal” gauge manifold, considered configuration by
configuration, are not equal to the identity matrix. Interpreting h¯ as the temperature Θ of an equivalent
statistical system, we see that when Θ grows from zero to some small value – such that we may disregard Θ2
or higher orders – the Yang-Mills fields develop “localized excitations”, i.e. regions of various sizes where the
Yang-Mills curvature is not vanishing.
All this does not happen for the gravitational field, which remains essentially in a “flat” state. Such a picture
also explains the absence in this approximation of any invariant correlation of the curvature [9].
We also have seen that the introduction of a small external source in the functional integral (68), breaking
the Poincare´ invariance of the background, gives rise in general to a non vanishing contribution to the loop
proportional to h¯. In this case we may have excitations with localized curvature, but they are very small, since
their variance is proportional to κ3 instead of κ2 (they are in fact originated by the non-linear interaction of
gravitons).
8 Stabilized gravity.
In a series of papers [12], Greensite has recently proposed a new “stabilized” action for euclidean quantum grav-
ity. It is known [13] that the euclidean action obtained from Einstein’s action by naive analytical continuation
is not bounded from below, due to the “wrong sign” of the conformal term in the kinetic operator. On the
other hand, it is not obvious in quantum gravity that the simple analytical continuation is a correct procedure.
Both field-theoretical work [14] and a suitably modified stochastic quantization procedure [12] suggest that
in the “right” euclidean action the sign of the conformal factor is flipped to lowest order, while to higher orders
the action itself becomes non-local.
In the following of this Section, also in view of future applications, we shall find the propagator of stabilized
gravity and verify that it gives the expected result for the holonomies to leading order.
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According to the notation of ref. [12], the linearized euclidean gravitational action is written as
S0 =
∫
d4p
(2π)4
h˜µν(p) p
2 K˜µναβ(p) h˜αβ(p). (69)
In the usual Einstein theory the kinetic operator K˜ is given by
K˜Einsteinµναβ = P
(2)
µναβ − 2P (0−s)µναβ , (70)
where P (2) and P (0−s) are the projection operators
P
(2)
µναβ =
1
2
(θµαθνβ + θµβθνα)− 1
3
θµνθαβ ; (71)
P
(0−s)
µναβ =
1
3
θµνθαβ ; (72)
θµν = δµν − 1
p2
pµpν . (73)
The kinetic operator of the linearized effective action of stabilized gravity is simply obtained by changing
the sign in (70)
K˜Stabilizedµναβ = P
(2)
µναβ + 2P
(0−s)
µναβ . (74)
Explicit evaluation of K˜Einstein leads to the expression
K˜Einsteinµναβ = ∆µναβ − δµνδαβ +
1
p2
s˜µναβ − 1
2p2
S˜µναβ , (75)
where the tensors ∆µναβ , s˜µναβ and S˜µναβ are the analogues in p-space of those defined in eq.s (37) – (40).
For K˜Stabilized we have instead, expanding (74) ,
K˜Stabilizedµναβ = ∆µναβ +
1
3
δµνδαβ − 1
3p2
s˜µναβ − 1
2p2
S˜µναβ +
4
3p4
pµpνpαpβ . (76)
The kinetic operators above are not invertible. In order to find the corresponding propagators, we must add
to them a gauge-fixing term, usually the harmonic gauge fixing
K˜Harmonicµναβ =
1
2
δµνδαβ − 1
p2
s˜µναβ +
1
2p2
S˜µναβ . (77)
Then we consider the following propagator equation
p2
[
K˜µναβ(p) + K˜
Harmonic
µναβ (p)
]
G˜αβρσ(p) = −∆µνρσ (78)
and look for a solution of the general form
G˜αβρσ =
a
p2
∆αβρσ +
b
p2
δαβδρσ +
c
p4
s˜αβρσ +
d
p4
S˜αβρσ +
e
p6
pαpβpρpσ, (79)
where a, b, c, d, e are numerical constants.
In the case of Einstein’s theory we find(
aEi. = −1, bEi. = 1
2
, cEi. = 0, dEi. = 0, eEi. = 0
)
. (80)
which corresponds in the x-space to the familiar Feynman-De Witt propagator [15]
〈hµν(x)hρσ(y)〉Ei. = − h¯
8π2
δµρδνσ + δµσδνρ − δµνδρσ
(x − y)2 . (81)
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In the case of stabilized gravity the solution is(
aSt. = −1, bSt. = 1
6
, cSt. = −2
3
, dSt. = 0, eSt. = −4
3
)
. (82)
In order to write the corresponding x-space propagator, we must compute the Fourier transforms of the non-
standard terms of the form p−4pαpβ and p
−6pαpβpρpσ. This computation is done in details in the Appendix.
The result is pretty simple: ∫
d4p
(2π)4
pαpβ
p4
eipx =
1
(2π)2
xαxβ
x4
; (83)∫
d4p
(2π)4
pαpβpρpσ
p6
eipx =
1
(2π)2
xαxβxρxσ
x6
. (84)
So the propagator is (with X = x− y)
〈hµν(x)hρσ(y)〉St. = − 1
(2π)2X2
∆µνρσ +
1
6(2π)2X2
δµνδρσ
− 2
3(2π)2X4
sµνρσ − 4
3(2π)2X6
XµXνXρXσ. (85)
Being of the form (36) it gives no contribution to the leading term of the holonomies (see § 5).
9 Concluding remarks.
In this work the behavior of quantum and semiclassical Wilson loops has been studied perturbatively in four-
dimensional pure Einstein gravity. The main results comprise the vanishing of the leading perturbative contri-
bution to the loops and a geometrical interpretation of this vanishing in terms of the structure of the vacuum
state. We also have treated the case of a non flat background and that of stabilized gravity.
The most interesting “discovery” of our analysis, from the physical point of view, is that the vacuum state
of quantum gravity does not show, to order h¯, any field configuration with localized curvature. This behavior
is very different from that of other gauge fields.
But if the Wilson loops vanish and if there is no localized curvature, how can we express in a invariant
way the interaction energy of two masses, and how can we think of the “mechanism” of their gravitational
interaction?
The first question has a definite formal answer, in terms of an essentially non-local formula [8].
The second question is more subtle – also in view of the difficulties encountered already at the classical level
for the definition of a localized gravitational energy (see [8]). All we can say at the present stage is that the
mechanism seems to be not strictly local. It could be possible to find some analogue of this behavior in other
field models; work is in progress in this direction.
One limit of our analysis resides in its perturbative nature. Of course, non perturbative analyses of quantum
gravity are a major challenge. Nevertheless, all the considerations above do not involve particularly short
distances, where gravity is thought to develope highly non-perturbative features. As we pointed out in the
Introduction, perturbative quantum gravity may be regarded in our case just as an effective field theory.
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APPENDIX.
We want to prove eq.s (83), (84), namely∫
d4p
(2π)2
pαpβ
p4
eipx =
xαxβ
x4
; (86)∫
d4p
(2π)2
pαpβpρpσ
p6
eipx =
xαxβxρxσ
x6
, (87)
starting from the known result ∫
d4p
(2π)2
eipx
p2
=
1
x2
. (88)
Let us first consider (86). By euclidean invariance we will have∫
d4p
(2π)2
pαpβ
p4
eipx = A
δαβ
x2
+ B
xαxβ
x4
, (89)
where A and B are two unknown coefficients, which we may determine imposing the following conditions:
δαβ
(
A
δαβ
x2
+B
xαxβ
x4
)
=
1
x2
; (90)∫
d4x
(2π)2
(
A
δαβ
x2
+B
xαxβ
x4
)
e−ipx =
pαpβ
p4
. (91)
Eq. (91) express the invertibility of the Fourier transform. We obtain two possible solutions:(
A =
1
2
, B = −1
)
and (A = 0, B = 1) . (92)
Then we write ∫
d4p
(2π)2
pαpβpρpσ
p6
eipx =
a
x2
(δαβδρσ + ...) +
+
b
x4
(δαβxρxσ + ...) +
c
x6
xαxβxρxσ, (93)
where the dots denote all the possible symmetrizations, and impose the conditions analogous to (90), (91). In
this way we find that a solution for (a, b, c) exists only if (A = 0, B = 1) and in this case we have
(a = 0, b = 0, c = 1) . (94)
14
References
[1] A.M. Polyakov, Gauge fields and strings, Harwood Academic Publishers, Chur, Switzerland, 1987.
[2] Yu.M. Makeenko and N.A. Voronov, Sov. J. Nucl. Phys. 36 (1982) 444.
[3] S. Weinberg, Gravitation and cosmology: principles and applications of the general theory of relativity, J.
Wiley, New York, 1972.
[4] F.W. Hehl et al., Rev. Mod. Phys. D 48 (1976) 393.
[5] G. Grignani and G. Nardelli, Phys. Rev. D 45 (1992) 2719; Nucl. Phys. B 370 (1992) 491.
[6] E. Witten, Nucl. Phys. B 311 (1988/89) 46.
[7] G. Modanese, Phys. Rev. D 47 (1993) 502.
[8] G. Modanese, “A formula for the static potential energy in quantum gravity”, report CTP #2217, hep-
th/9306078.
[9] G. Modanese, Phys. Lett. B 288 (1992) 69.
[10] R. Jackiw, Phys. Rev. D 9 (1974) 1686.
[11] B.G. Wybourne, Classical groups for physicists, J. Wiley, New York, 1974.
[12] J. Greensite, Nucl. Phys. B 361 (1991) 729; Phys. Lett. B 291 (1992) 405; Nucl. Phys. B 390 (1993) 439.
[13] S.W. Hawking, in General Relativity: an Einstein centenary survey, S.W. Hawking and W. Israel ed.s,
Cambridge University Press, Cambridge, 1979.
[14] P. Mazur and E. Mottola, Nucl. Phys. B 341 (1990) 187, and references.
[15] M.J.G. Veltman, in Methods in field theory, Proceedings of the Les Houches Summer School, Les Houches,
France, 1975, edited by R. Balian and J. Zinn-Justin, Les Houches Summer School Proceedings Vol. 28,
North-Holland, Amsterdam, 1977.
15
